Let D be a subset of a Banach space. Suppose R(t): Zλ->Z)(£^0) is an "almost-semigroup," in the sense that R(t)R(s) is close to R(t+$). If R also satisfies certain stability conditions, then R(t/n) n converges to some semigroup S(t) as n->oo. The stability conditions are motivated by several examples involving nonlinear partial differential equations.
1* Introduction* Let D be a subset of a Banach space. By a transformation on D we shall mean a one-parameter family of mappings
S(t):D >D it ^ 0)
(not necessarily linear or continuous), such that
S is a semigroup if in addition
S(t + s)f = S(t)S(s)f (ί,8^0;/eΰ).
(This notation is essentially that of [4] . Numerous variants exist. For instance, in [3] , such an S is referred to as a "semiflow"; the term "semigroup" is reserved for the linear case in that paper.) In this paper and in [9] , we shall consider the following problem: Let S ± and S 2 be semigroups on D. Give sufficient conditions for the existence of a semigroup S on D such that (1.1)
S(t)f = lim [SMrήSMri)]*/ (t ^ 0, fe D)
.
ίl->oo
Equation (1.1) is commonly known as the Trotter product formula, because of Trotter's results for linear semigroups in [12] . The product problem generalizes as follows: Investigate the conditions under which a transformation R and a semigroup S satisfy (1.2) S(t)f = lim R(t/n) n f it ^ 0, fe D) .
The Lax Equivalence Theorem of numerical analysis takes the form (1.2) with R and S linear; see [5] . The Crandall-Liggett exponential formula for nonlinear semigroups is of the form (1.2) with R(t) equal to (I + tA)~\ the resolvent of an operator; see [4] . Equation
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ERIC SCHECHTER (1.2) was investigated in greater generality by Chernoίf in [2] . In most applications of (1.1), the semigroups S lf S 2 and S are generated (in some sense) by some operators -A l9 -A 2 , and -A ι -A 2 , respectively. Then the initial value problems for the differential equations 
v(0) , w(t) = S(t)w(0)
Many equations arising in physical applications are of the form (1.5) where A x + A 2 is the sum of two simpler operators, e.g., a linear operator and a continuous operator. Therefore it is desirable to reduce some questions about (1.5) , e.g., existence and regularity of solutions, to questions about the simpler equations (1.3) and (1.4) . This can often be accomplished using (1.1) .
In [6] and in Theorem 5.3 of [3] , the following result (roughly) is shown: Let R(t):D->D be a transformation satisfying certain stability conditions. Suppose that (1.7) -β' (O) = -A (in an appropriate sense), and (
1.8) R is an almost-semigroup, i.e., R(t + s) is close to R(t)R(s).
Then there exists a semigroup S such that S'(0) = -A and R(t/ri) n -> S(f). In the present paper, we shall show that hypothesis (1.7) can be dropped, and (1.8) can be weakened slightly.
For practical purposes it is preferable to drop (1.8) and assume some variant of (1.7). In [6] it is shown that if S^t) and S 2 (f) are sufficiently smooth semigroups satisfying (1.7') 5/(0) + S 2 '(0) = -A , then R(t) = S^S^t) satisfies (1.7) and (1.8) , and hence (1.2) . In [9] we shall weaken the smoothness hypothesis on S x and S 2 . This is the first of several papers dealing with the above problems and several closely related problems in one abstract framework. In the present paper, we shall deal with the simplest part of the theory, i.e., that part which does not involve generators.
In § § 2-4 below, we give some examples to motivate our stability conditions. In § 5 we state the main results of this paper; the abstract framework [given there will also be used in [9] and [10] .
Proofs are given in § 6.
In [9] we shall introduce generators, and prove a version of (1.1) which can be used to show existence and regularity of solutions to (1.5) . Also in [9] , we shall give some additional historical background and applications.
The framework developed here has other uses as well. In [10] we shall investigate the relation between autonomous equations such as (1.3) -(1.6) and time-dependent equations such as x\t) + A(t, x(t)) = 0 .
In [11] , similar techniques are used to prove local existence and regularity results and the optimality of some convergence rates.
Much of the recent research in nonlinear semigroups in Banach spaces has been done in the framework established by Crandall and Liggett in [4] . We shall not follow that framework. Our departure from it is discussed in §2, below, and in [9] and [10] .
Part of this research was conducted as part of a Ph. D. thesis at the University of Chicago. Also, part of the research was performed while the author was affiliated with the Applied Mathematics Divisions at Brookhaven and Argonne National Laboratories, supported by the U. S. Department of Energy. The results in this paper and in [9] , [10] , and [11] benefited greatly from conversations with Jerry Bona, Michael Crandall, Simeon Reich, and others. 2* Error stability and nested Banach spaces* The term "stability" has several different meanings in the literature of differential equations. We shall say that an initial value problem or the corresponding semigroup is error-stable, or has continuous dependence on the data, if a Small error in the initial data results in only a small error in the solution. Most useful semigroups must be error-stable in some sense, since no physical measurement is exact.
A transformation S( ) on a subset D of a Banach space (X, | |) is quasicontr'active if there is some constant ω such that
This condition implies error-stability: if / and g are close and t is bounded, then S(t)f and S(t)g are close. Every semigroup in the Crandall-Liggett framework is quasicontractive ([4] ; see also [10] ). Some semigroups of physical interest are not quasicontractive, however. For instance, the semigroup S( ) corresponding to the Korteweg-deVries equation
is not quasicontractive for any obvious choice of the Banach space {X, I I), as is shown later in this section. Still, it is easy to show that this semigroup S does satisfy the following weaker condition: For any t ^ 0 and /, g e H\R),
where
It is shown in [1] that
Hence S is error stable, in a certain weak sense. The Crandall-Liggett school of semigroups works entirely in one Banach space. However, many semigroups have useful properties which are best described using more than one space. One such property is given above. A more important property is given in [9] : by using two spaces we can often treat a discontinuous operator (e.g., the generator of a semigroup) as if it were continuous. (This is a variant of techniques using five, four, and three spaces in [6] , [8] , and [3] , respectively.)
We now abstract the situation described in (2.2) 
\W(t, •) -U\t,
The initial values f a and / 6 are close together if a and 5 are close. To get a precise estimate, note that
and so
Combine (2.9) and (2.10), and substitute a = ε" 1 , b = a + 1 α(l + ε). This yields which tends to c>o as ε j 0. This proves (2.6).
3* Product stability* Let R be a transformation on D (as defined in Section 1, above). We would like the products R(t/n) n to be error-stable, uniformly in n. Such a condition seems to be an essential ingredient of any proof of (1.2). For instance, Theorem 2.5.3 in [2] , Theorem I in [4] , and the Equivalence Theorem in [5] each assume a condition of the following type:
Condition (3.1) can be replaced by stronger, but simpler and more convenient assumptions. For instance, (3.1) holds if R is quasicontractive (defined in (2.1)). Moreover, R(t) = S^SJf) is quasicontractive if both S x and S 2 are, as was assumed by Trotter in [12] .
Let us now replace quasicontractiveness with the more general type of condition indicated in (2.2)-(2.4). Specifically, assume that
for all t ^ 0 and f, g eD, where β: R\ -> R + is some function which is increasing, hence bounded on bounded sets. It follows that
uniformly in n, if 7: R\ -> JB+ is some increasing function satisfying
Condition (3.3) and (3.4) together imply that the products R(t/n) n satisfy a version of (2.4), uniformly in n. Hypothesis (3.2) is easy to verify in many applications. In the remainder of this section and in § 4, below, we shall concentrate on the a priori bounds (3.4) , which are harder to verify. We would like to replace (3.4) with a hypothesis which is simpler but not too much stronger.
As a first guess, assume for some constant ψ ^ 0. Then (3.4) holds trivially with y(t, h) = e ψt h. But (3.5) is not appropriate for nonlinear semigroups. For instance, the initial value problem for the differential equation
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This semigroup does not satisfy (3.5) if / = 0, 6 Φ 0, and t > 0. For a second guess, replace the linear semigroup h -> e*h with a nonlinear semigroup h -> σ(t)h. That is, assume
where ψ is some nonnegative constant and σ(t): R+-+R+(t^0) is an increasing semigroup on R+, not necessarily linear. That is, σ satisfies
and we take ψ -ψi -\-ψ 2 . Condition (3.7) generalizes (3.5), since σ(f)h = e ι h satisfies (3.8) . Condition (3.7) is sufficiently general for the nonlinear semigroup given in (3.6), since we can take
Condition (3.7) is still not sufficiently general for many applications. Following is a simple example of a semigroup R which cannot satisfy (3.7) . The semigroup R given in (3.11) is trivial, but in some respects it is typical of a class of nontrivial semigroups connected with partial differential equations, as we shall see in Section 4. 
Let b = c/φ(r) 2 . We claim that
Indeed, leta? = hfψ(r). Then σ(t)h = which proves (3.13). Now letw(8) = tf( obtain

Λl
B(t) xr
Take 8 = fc/w and t = 1/n. Since w is increasing, we obtain
Now take limits as n-> oo, and recall that tc(O) = 6" (3.12 ) cannot be satisfied.
The semigroup given in (3.11) only grows linearly for large time. But if we try to estimate its size with a semigroup on R+, that semigroup must grow at least quadratically, as in (3.13) . We need to measure how "big" a vector is with something more sophisticated than just an element of R+. Where appropriate, we interpret " <£ " to be the partial ordering of £ίf. Note that if (3.7) holds, then the product stability condition (3.4) holds with τ(ί, h) = σ(ψt)h. Also note that if (3.9) holds, then R(t) = S x (ί)S 2 (ί) satisfies (3.7) with ψ = ψ 1 + ψ 2 .
The semigroup condition σ(t + t')h = σ(t)σ(t')h in (3.8) can be replaced with the weaker condition σ(t + t')h ^ σ(t)σ(t')h. However, in applications σ is generally constructed as the solution of an autonomous ordinary differential equation, and so σ satisfies the semigroup condition.
In the examples in this paper, we shall take έ%f to be a Euclidean space, R k , or its positive cone, R+, partially ordered by
However, in § 5 of [9] we shall use a quite different choice of £ίf, taking advantage of the greater generality of Hypotheses 3.14. and let σ be the restriction of R to JB+. Then (3.12) follows trivially. In the next section we give some less trivial examples. 4* Examples from partial differential equations* In both of the following examples, semigroups are related to initial value problems as in (1.6) . Our interest in the £P(lί )-norm is motivated in part by the discussion in § 2, above. The reader can easily verify that σ satisfies (3.8) for all £,£'*>() and h, h' e R%. (Note the similarity of this semigroup σ to the semigroup R given in (3.11).) Condition (3.9) holds for j = 1 with ψ 1 = 0, by some well-known properties of the heat equation. We assert that (3.9) holds for j = 2 with ψ 2 = 1; i,e., that any solution v of (4.3) satisfies Thus we obtain the third inequality in (4.5).
In the above argument, we used estimates on ||v»(ί)||z2 to help obtain estimates on \\v xx (t)\\ L 2. This is an example of "bootstrapping of energy estimates." Note also that the above argument reduces certain questions about the partial differential equations (4.2) which corresponds to the semigroup in (4.4) . In the next example we shall use a more complicated ordinary differential equation, and a more complicated choice of || ||. This greater complexity apparently is unavoidable, as is shown in an example in [9] . EXAMPLE 4.6. Let S λ and S 2 be the semigroups corresponding to the initial value problems for 
respectively. Then \\[S 1 (t/n)S 2 (t/n)]
n f\\ H 2 {R) is bounded uniformly for bounded ||/||JΓ2 (Λ , and t and all positive integers n.
Proof. Let Sίf = J? 3 , partially ordered as in (3.15 
(/).
(Note: the computations in this proof are chosen for simplicity, not for sharpness.) Inequality (4.10), together with a few straightforward interpolations, yields (4.9). The numbers I u I 2 , I z are among the well-known invariants of the Korteweg-deVries equation; see [7] . Thus, if v is any solution of (4.8), ||ι;(ί)ll does not depend on t. Therefore (3.9) holds for j = 2 with ψ 2 = 0, if σ is any increasing semigroup on R 3 . It suffices to choose σ to satisfy (3.9) for j -1.
For any real number r, let r + = max {r, 0}. Suppose /el, hej%^, and {f n } is a sequence in D. Suppose /•->/ in X, and ||/J|^Λ for all n. Then feD, and ||/||^A. Condition (5.1) says that D is "closed" in a certain sense. This condition will contribute greatly to the simplicity of our results. It is assumed only as a convenience of notation, for it can always be satisfied by modifying D, β^f and || || slightly (i.e., by replacing D by its "closure"). This is discussed in detail in § 5 of [9] , For motivation, note that (5.1) follows by a weak compactness argument if έ%f = R+ and (D, || ||) is a reflexive Banach space continuously included in (X, | |). NOTATION 5.2. (a) All topological considerations, e.g., convergences and continuity, will be in the topology of {X, | |).
(b) Let β be a function of several arguments, each of which has domain R+ or Sίf. Assume β has range in R+, and β is increasing in each argument. Then we shall call β a bounding function, since β is bounded on bounded sets.
(c) Let S be a transformation on D (as defined in § 1). Let ψ 6 R+, and let ω: έ%f -> R+ be a bounding function. The triple (S, ψ, ω) is a restrained transformation (with respect to <%*, σ, X,
I I, D, || ||) if STABILITY CONDITIONS FOR NONLINEAR PRODUCTS AND SEMIGROUPS 193
\S(t)f -S(t)g\^\f -g\exv{t-ω[σ(M)(\\f\\V\\g\\)]} for all t ^ 0 and /, g e D. (S, φ, ω) is a restrained semigroup if in addition
In [9] we shall use the above definitions, plus a few more definitions involving generators, to prove results about equations (1.3)-(1.5) . However, the above framework is already adequate for an interesting result about (1.2).
Theorem 5.3, below, is similar to the results in [6] and in Theorem 5.3 of [3] . The proofs are also related. The results below are simpler in that (i) generators are not mentioned, in the hypotheses or the conclusions, and (ii) only the two spaces DaX are used, rather than three or five spaces as in [3] or [6] .
The result below also differs in the "almost-semigroup" condition (5.4) . The analogous hypothesis in [3] or [6] (translated to the notation of the present paper) is
This is similar to (5.4) for λ = 1, but is stronger. Some justification of the above condition is given in [6] for products of C 2 -semigroups. The weaker condition (5.4) seems to be more natural; it is satisfied by a class of (^-semigroups considered in [9] .
It is mostly because of this weakened hypothesis that the proof in Section 6 is so long and complicated. Inequality (5.4) is not very strong except when t and s are of nearly the same order -e.g., when 1/2 < t/s < 2 and hence (t + s) 2 = έ?(ts) . This restriction is violated if we take s = t/n, and so the simple, direct proof of (5.5) in [3] and [6] fails if we replace (5.4') with the weaker (5.4). THEOREM 5.3. Let (R, ψ, ω) be a restrained transformation. Suppose R is an "almost-semigroup" in the sense that there exists a constant λ > 0 and a bounding function 7: R+ x 3ίf -> R+ such that
for all feD and t, s ^ 0.
Then there exists S such that (S, ψ, ώ) is a restrained semigroup and
uniformly for bounded \\f\\ and t. In fact, we have the following rate of convergence: Define a bounding function β: R+ x £ίf -> R + by Theorem 5.3 is sharp. We shall give two simple examples showing that it cannot be improved in certain directions. Neither of these examples is pathological. In fact, in both cases we shall take R(t)(t ^ 0) to be a family of rotations of the complex plane. That is, take D = X = C and
for some function θ: R+-+ R satisfying 0(0) = 0. In both cases we shall take θ continuous on [0, +°°) and smooth on (0, +©o). 
Piπ) = R(t n -t^Rit^
Most of the proof will be directed toward showing that | P(π)f -P(π f )f\ is small if M(π), M{π') are small, and hence that {P{π)f} is a Cauchy net in (X, | |).
For simplicity of notation let
In particular, U π (T 9 0) = P(π-) and U π (t if Q is the identity map on D.
By abuse of notation let π also represent the set {t 0 , t u , £J. Then partition π' is a refinement of partition π if and only if the set π' includes the set π.
Let π be as in (6.1) and let π f be some refinement of π. Then π' is a first-order refinement of TΓ if each open interval (ί^, ^) contains at most one element of the set π'. In this case we can estimate \P(π)f -P(π')f\ as follows:
For 1 ^ ί <: ^ we have ?/*(*<, i^J = i2(ίi -t^. Let / = [i: (t t _ u t t ) contains some s 4 e π'} .
Then
Let Λ = UAUf 0)/(0 ^ i ^ w), with / 0 = / and /, -P(π')f. The ft'8 are well-defined by (6.2) since π' z) TΓ. With these notations we can write a telescoping sum:
by repeated use of (3.8) and the inequalities in 5.2(c). Substitute this inequality into (6.3) , with g -U π (t if ί<_i)/i_i and g r = U π >(t tf ίi-J/ί-i. Also using the triangle inequality, (5.4) , and (5.6), we obtain
M{πYβ(T, 11/11) .
A partition π' is a Λth-orcίβr refinement of TΓ if there exist refinements
such that each 7Γ i+1 is a first-order refinement of π d . Then it follows from (6.4) and the triangle inequality that
, we obtain the crude estimate (6.6) \P(π)f -P(τr')/| ^ kM(πYβ(T, \\f\\) , which is useful for small integers k.
for each j, we shall call π f a dyadic refinement of TΓ. In this case we obtain from (6.5) \P(π)f -P(π')f\ <; Σ (6 7) gΣ -(1-2TWW, 11/11).
Note that the right side does not depend on k.
For any partition π as in (6.1) , let m(π) = min έ (^ -t^). We now make several observations about refinements:
Any partition π has a first-order refinement (Proof: apply (6.9) several times, until 1 ^ M(π')jm(π') < 2 is satisfied. Then apply (6.8) We are now ready to estimate | P (π^f -P(ττ 2 )f \ for arbitrary partitions π x and π 2 . Fix some small p, with 0 < p <; min {m(π^) f m(π 2 )}. Choose dyadic refinements π[, π 2 as in (6.10) . Then (6.12) M
By (6.11) , π' -π[{jπ 2 is a refinement of π 2 of order at most 3. Similarly, π r is a refinement of π[ of order at most 3. Now use (6.6), (6.7) , and the triangle inequality to obtain 
R(t/n) n f-^S(s)S(t)f.
On the other hand, R(s/n) n R(tln) n f-> S(s + t)f by (5.8) . Hence S(s)S(t) = S(s + t).
Proof of Theorem 5.10. For each fixed w, R(t) n is strongly continuous at 0; this follows by induction on n. Since the convergence (5.5) is uniform for bounded ί, S(t) is strongly continuous at 0. Since S is a semigroup, S(ί)/ is continuous from the right. It suffices to show that S(t -h)f-> S(t)f as h | 0, for fixed ί > 0 and feD.
For O^h^t,S(t~h) is uniformly | |-Lipschitz on || ||-bounded sets, and S(h)f is || ||-bounded. Hence h)fw hich tends to 0 as ft | 0 since S is strongly continuous at 0.
Proofs of Examples 5.12 and 5.14. It follows from (5.11) that each R(t) is a linear isometry of C; hence R is a restrained transformation. The product formula takes the form R(t/n) n f = /• exp {inθ(t/n)} , which converges to some limit S(t)f = fe iμ{i) if and only if there exists a limit (6.14) μ(t) = lim w0(ί/w) (mod 2ττ) .
Also from (5.11) we obtain (6.15)
\R(t)R(s) -J2(ί + s)| ^ |0(ί) + ί(«) -θ(t + s)\ .
These considerations reduce our questions about R to questions about θ. We only need to consider the behavior of R and θ for small s and t. For any continuous choice of R, we can always satisfy (5.4) for large t + s by taking 7 sufficiently large.
For Example 5.12, it suffices to choose θ: [0, T) ~> R for some T > 0 so that (6.16) |0 ( n log ŵ hich decreases to 0 but is not summable. Hence (6.17) .
For Example 5.14, take θ(t) = t 1+λ . The details are straightforward and are omitted.
